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We study the dynamics along the particle trajectories for the 3D
axisymmetric Euler equations. In particular, by rewriting the sys-
tem of equations we ﬁnd that there exists a complex Riccati type
of structure in the system on the whole of R3, which generalizes
substantially the previous results in [5] (D. Chae, On the blow-up
problem for the axisymmetric 3D Euler equations, Nonlinearity 21
(2008) 2053–2060). Using this structure of equations, we deduce
the new blow-up criterion that the radial increment of pressure
is not consistent with the global regularity of classical solution.
We also derive a much more reﬁned version of the Lagrangian dy-
namics than that of [6] (D. Chae, On the Lagrangian dynamics for
the 3D incompressible Euler equations, Comm. Math. Phys. 269 (2)
(2007) 557–569) in the case of axisymmetry.
© 2010 Elsevier Inc. All rights reserved.
1. The axisymmetric 3D Euler equations
We are concerned with the following Euler equations for the homogeneous incompressible ﬂuid
ﬂows in R3:
⎧⎨
⎩
∂t v + (v · ∇)v = −∇p,
div v = 0,
v(x,0) = v0(x).
Here v = (v1, v2, v3), v j = v j(x, t), j = 1,2,3, is the velocity of the ﬂow, p = p(x, t) is the scalar
pressure, and v0 is the given initial velocity, satisfying div v0 = 0. The local in time well-posedness
for the 3D Euler equations in the standard Sobolev space Hm(R3), m > 5/2, was done by Kato [22],
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problem. In this direction there is a celebrated result on the blow-up criterion [2] and its reﬁnements
[15,17,7] taking into account geometric considerations on the vorticity directions. See also [11,14,13,
1,4,24,18,19,23] and references therein for surveys and recent reviews of the problem. In this note
we concentrate on the problem of blow-up for axisymmetric solutions of the 3D Euler equations. By
an axisymmetric solution of the Euler equations we mean velocity ﬁeld v(r, x3, t), solving the Euler
equations, and having the representation
v(r, x3, t) = vr(r, x3, t)er + vθ (r, x3, t)eθ + v3(r, x3, t)e3
in the cylindrical coordinate system, where
er =
(
x1
r
,
x2
r
,0
)
, eθ =
(
− x2
r
,
x1
r
,0
)
, e3 = (0,0,1), r =
√
x21 + x22.
Even in this case of axisymmetry the question of ﬁnite time blow-up of solution is also wide open
(see, e.g., [20,26,3,9,21,10,8,5] for both preliminary numerical and mathematical studies of the prob-
lem). Let us denote
v˜ = vrer + v3e3.
Then, the axisymmetric Euler equations are
∂t v
r + (v˜ · ∇˜)vr = −∂r p + (v
θ )2
r
, (1.1)
∂t v
θ + (v˜ · ∇˜)vθ = − v
r vθ
r
, (1.2)
∂t v
3 + (v˜ · ∇˜)v3 = −∂3p, (1.3)
∂r v
r + v
r
r
+ ∂3v3 = 0, (1.4)
v(r, x3,0) = v0(r, x3), (1.5)
where ∇˜ = er∂r + e3∂3. Now, let us write (1.1)–(1.2) in the form
D
Dt
(
vr
r
)
=
(
vθ
r
)2
−
(
vr
r
)2
− ∂r p
r
, (1.6)
D
Dt
(
vθ
r
)
= −2 v
r
r
(
vθ
r
)
, (1.7)
where
D
Dt
= ∂t + (v˜ · ∇˜).
Following the idea in [16], we introduce the complex valued function
Z+(r, x3, t) = v
r
− i v
θ
, i = √−1.
r r
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DZ+
Dt
= −Z2+ −
∂r p
r
, (1.8)
which is a complex Riccati equation except the pressure term. The system (1.1)–(1.5), and hence (1.8)
is well deﬁned off the axis of symmetry, R3 \ {r = 0}. In order to extend the equations up to the axis of
symmetry let us pass to the limit r → 0 in (1.6)–(1.7), using the results of Lemma 2.1 in [5]:
∂r v
r(r + 0, x3, t) = lim
r→0+
vr(r, x3, t)
r
, (1.9)
∂r v
θ (r + 0, x3, t) = lim
r→0+
vθ (r, x3, t)
r
, (1.10)
∂2r p(r + 0, x3, t) = lim
r→0+
∂r p(r, x3, t)
r
. (1.11)
Then, we obtain the limiting system of (1.6)–(1.7),
(
∂t + v3∂3
)(
∂r v
r)= −(∂r vr)2 + (∂r vθ )2 − ∂2r p, (1.12)(
∂t + v3∂3
)(
∂r v
θ
)= −2(∂r vr)(∂r vθ ), (1.13)
which is the axisymmetric 3D Euler equations on the axis of symmetry. Introducing the complex valued
function as the above,
Z0(r, x3, t) = ∂r vr − i∂r vθ , i =
√−1,
we obtain the limiting equation of (1.8),
DZ0
Dt
= −Z20 − ∂2r p,
D
Dt
= ∂t + v3∂3, (1.14)
which is a well-deﬁned complex equation on the axis of symmetry. Eqs. (1.12)–(1.14) were previously
derived in [5] by completely different argument than here, using decomposition into symmetric and
skew symmetric part of the matrix formulation of the Euler equations. The way of writing the system
(1.6)–(1.7), and hence the derivation of (1.8) is new in this article to the author’s knowledge. We
denote r(a) =
√
a21 + a22 below, and write v(x, t) = v(r, x3, t) for the axisymmetric velocity v .
Theorem 1.1. In the axisymmetric 3D Euler equations with the symmetry of axis chosen to be x3-axis suppose
the initial data satisﬁes
S0 :=
{
x ∈R3 \ {r = 0} ∣∣ vθ0(r, x3) = 0, vr0(r, x3) < 0, ∂r p0(r, x3) 0} = ∅,
where we set p0(x) = ∑3j,k=1 R j Rk(v j0vk0)(x) with R j = (−)− 12 ∂ j , j = 1,2,3, the Riesz transform on R3
(see, e.g., [27]). We deﬁne T1 = T1(a) as
T1 = inf
{
t > 0
∣∣ ∂r p(X(a, t), t)< 0},
where X(a, t) is the particle trajectory deﬁned by the local classical solution v(x, t),
∂ X(a, t) = v(X(a, t), t), X(a,0) = a.
∂t
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that
T1(a)− r(a)
vr0(a)
. (1.15)
Remark 1.1. As an immediate corollary of the above theorem we obtain that if pressure is nonde-
creasing in the radial direction for all time, then the classical solution cannot persist arbitrary time.
As related previous results we recall that in [12] it is shown that the convexity of pressure every-
where is not consistent with the global existence of classical solutions for the 3D Euler equations
(without assuming any symmetry), while in [5] the convexity of the pressure on the axis of symme-
try implies ﬁnite time blow-up on the axis in the case of axisymmetry. The above theorem says that
radial increment of pressure is enough to get ﬁnite time blow-up in the axisymmetry.
We now recall that a positive continuous function g(·) is said to satisfy Osgood’s condition if
∞∫
1
ds
g(s)
< ∞. (1.16)
The Osgood condition is a necessary and suﬃcient condition for ﬁnite time blow-up of the ordinary
differential equation with positive initial data [25],
dy
dt
= g(y, t), y(0) = y0 > 0.
The following theorem is a generalization of the results in [6], where consideration is restricted to the
axis of symmetry only.
Theorem 1.2 (Off the axis of symmetry). Let an axisymmetric initial data v0 ∈ Hm(R3), m > 5/2, be given so
that Σ0 = ∅, where
Σ0 =
{
a ∈R3 \ {x3-axis}
∣∣ vθ0(a) = 0}.
Let (v, p) be the pair of smooth solutions of the axisymmetric 3D Euler equations with the initial data (v0, p0),
and let {X(a, t)} be the associated particle trajectory mapping. If a ∈ Σ0 , then one of the following holds true.
(i) The quantity | vrr (X(a, t), t)| blows up in ﬁnite time.
(ii) There exists an inﬁnite sequence {tn}∞n=1 with tn ↗ ∞ such that
lim
n→∞
[(
vr
r
)2(
X(a, tn), tn
)+ ∂r p
r
(
X(a, tn), tn
)]= 0.
(iii) For any positive, continuous function g satisfying the Osgood condition let us deﬁne the function Φg(a, t)
by
Φg(a, t) = (
vr
r )
2(X(a, t), t) + ∂r pr (X(a, t), t)
g(− vrr (X(a, t), t))
, (1.17)
whenever the denominator is not zero, there exists a sequence {tn}∞n=1 with tn ↗ ∞ such that
limn→∞ Φg(a, tn) = 0.
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that Σ0 = ∅, where
Σ0 =
{
a = (0,0,a3) ∈R3
∣∣ ∂r vθ0(a) = 0}.
Let (v, p) be the pair of smooth solutions of the axisymmetric 3D Euler equations with the initial data (v0, p0),
and let {X3(a, t)} be the associated particle trajectory mapping generated by v3(0+, x3, t). Then one of the
following holds true.
(i) The quantity |∂r vr(X3(a, t), t)| blows up in ﬁnite time.
(ii) There exists an inﬁnite sequence {tn}∞n=1 with tn ↗ ∞ such that
lim
n→∞
[(
∂r v
r)2(X3(a, tn), tn)+ ∂2r p(X3(a, tn), tn)]= 0.
(iii) For any positive, continuous function g satisfying the Osgood condition and the function Φg(a, t) deﬁned
by
Φg(a, t) = (∂r v
r)2(X3(a, t), t) + ∂2r p(X3(a, t), t)
g(−∂r vr(X3(a, t), t)) , (1.18)
whenever the denominator is not zero, there exists a sequence {tn}∞n=1 with tn ↗ ∞ such that
limn→∞ Φg(a, tn) = 0.
2. Proof of the main theorems
Proof of Theorem 1.1. From Eq. (1.7) we derive
vθ
r
(
X(a, t), t
)= vθ0(a)
r(a)
exp
[
−2
t∫
0
vr
r
(
X(a, s), s
)
ds
]
along the trajectory. This implies that v
θ
r (X(a, t), t) = 0 for a ∈ S0 as long as classical solution persists.
Hence, for a ∈ S0, Eq. (1.6) can be written as
D
Dt
(
vr
r
)
= −
(
vr
r
)2
− ∂r p
r
−
(
vr
r
)2
∀t ∈ (0, T1(a)). (2.1)
The differential inequality (2.1) can be solved immediately to yield
(
vr
r
)(
X(a, t), t
)

vr0(a)
r(a) + vr0(a)t
, 0 t <min
{
T1(a),− r(a)
vr0(a)
}
,
which shows that T1(a) − r(a)vr0(a) is not consistent with the fact that classical solution persists until
T1(a). 
In order to prove Theorem 1.2 and Theorem 1.3 we establish the following ordinary differential
equations lemma.
Lemma 2.1.We consider the following ordinary differential equations on R:
y′ = f (y, t), y(0) = y0, (2.2)
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possibilities, which are not necessarily mutually exclusive, holds true:
(i) The solution to (2.2) blows up in ﬁnite time, namely there exists a ﬁnite time t∗ such that
lim sup
t→t∗
y(t) = ∞.
(ii) There exists a sequence {tn}∞n=1 with tn ↗ ∞ such that
lim
n→∞ f
(
y(tn), tn
)= 0.
(iii) There exists {tn}∞n=1 with tn ↗ ∞ such that for any continuous, positive function g satisfying the Osgood
condition
lim
n→∞
f (y(tn), tn)
g(y(tn))
= 0. (2.3)
Proof. We assume (i) is not true and try to show at least one of (ii) and (iii) would hold. There are
two cases, either there is T1 > 0 such that f (y(t), t) 0 (or  0) for all t > T1, or there is no such T1.
In the latter case f (y(t), t) has to change sign inﬁnitely many times and (ii) is true. In the former
case, without loss of generality we can assume say f (y(t), t) 0 for all t . Then, (2.3) is equivalent to
lim inf
t→∞
f (y(t), t)
g(y(t))
= 0. (2.4)
If (2.4) is not true, then there exist c > 0 and T2 ∈ (T1,∞) such that f (y(t), t) > cg(y(t)) for all
t > T2. Then, y0 < 0 and y0 > 0 leads to (ii) and (i) respectively. 
Below we prove only Theorem 1.2. Theorem 1.3 follows from Theorem 1.2 by taking limit r → 0,
using (1.9)–(1.11).
Proof of Theorem 1.2. Let a ∈ Σ0. Then, (1.7) implies that vθ (X(a, t), t) = 0 along the particle trajec-
tory {X(a, t)}, and (1.6) can be written
∂Y (X(a, t), t)
∂t
= Y (X(a, t), t)2 + ∂r p
r
(
X(a, t), t
)
, Y (x, t) = − v
r(x, t)
r
.
Now, applying Lemma 2.1, we can deduce the conclusion of our theorem. 
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